Abstract. Given a manifold M with an equivariantly formal circle action and any invariant submanifold W which does not contain fixed points of the action, we present a new localization theorem, which expresses an integration over W/S 1 in terms of an integration over the fixed points of the action. In the setting of symplectic geometry our results imply the Jeffrey-Kirwan localization theorem for the circle action.
Introduction
Let G be a compact Lie group, let M be an oriented compact G-manifold and let (pt) * : H * G (M ) → H * G (pt) be the pushforward operator in equivariant cohomology. For G abelian this map factors through a map i * : H * G (M ) → H * G (F ), with i being the inclusion mapping of the fixed point set F into M ; and the explicit formula for pt * given by the celebrated Atiyah-Bott Berline-Vergne localization formula (see [2] and [5] ). If M is symplectic and the action of G is Hamiltonian, Witten obtained in [18] a non-abelian variant of the localization theorem. Then in [10] Jeffrey and Kirwan showed that Witten's theorem could be interpreted as an abelian localization theorem (for Hamiltonian G-actions) which had a lot in common with the ABBV theorem. In particular, the ABBV theorem was the main tool in the proof of the non-abelian localization theorem.
Our purpose in this paper is to show that there is another connection between the two localization theorems. Namely, we will show that the ABBV theorem bears the same relation to the Jeffrey-Kirwan theorem that the theory of characteristic classes bears to the theory of secondary characteristic classes (i.e. Chern-Simons theory).
Our result will also clarify the role of "symplectic" in the Witten-JeffreyKirwan theorem. Namely, if G acts on M in a Hamiltonian fashion, M is equivariantly formal by a well-known theorem of Kirwan [13] , and hence any equivariant class which is in the kernel of the restriction map, i * : H * G (M ) → H * G (F ) has to vanish. In the language of equivariant forms: if τ ∈ Ω W , of M with no fixed points, τ is closed on M − W and hence defines a cohomology class [µ] ∈ H * G (M − W ). (This is the "secondary characteristic class" phenomenon that we referred to above. We will show that it is exactly this phenomenon which enables one to get a localization theorem of Jeffrey-Kirwan type.) We'll now make these remarks more precise:
We are given an action of a compact abelian group G on an oriented compact connected manifold M . We assume that M is equivariantly formal (see Definition 2.4) which, in particular, means that the equivariant cohomology of M is injected into the equivariant cohomology of the fixed point set. Suppose we also have a subgroup S 1 ⊂ G and an invariant compact connected oriented submanifold I : W → M , such that S 1 acts freely on W . We denote by X = W/S 1 . We always have the isomorphism c : H * G (W ) → H * G/S 1 (X), and we can construct the map κ : H * G (M ) [α] e(W ) = The organization of the paper is as follows. In Chapter 2 we review basic facts about equivariant cohomology of torus actions. In Chapter 3 we prove Theorem 3.2. Chapter 4 provides a residue version of our result. We explain how the standard localization theorem for the circle action follows from Theorem 4.3, give some non symplectic examples and show how these results can be generalized to group actions on orbifolds.
Preliminaries in equivariant cohomology
Let a compact abelian group G act on a manifold M . The Cartan model for equivariant cohomology is the complex Ω *
G is the algebra of all invariant de Rham forms on M ; g * is the dual of the Lie algebra of G; and S * (g * ) is the ring of complex valued polynomials on g. Given a basis x a of g, we get the dual basis u a of g * , which we will think of as a set of generators for S * (g * ).
(The degree of each u a is equal to 2). For each x a we can construct the vector field X a (p) = ∂ ∂t | t=0 exp(tx a )(p) where p is a point on M . We denote by i a the contraction with respect to X a . The equivariant differential is defined as
For an equivariantly closed form α, we define [α] to be the cohomology class it represents.
Given an invariant map f : M → N between two manifolds with G actions it is easy to define the pullback map f [3] . The support is the intersection of all hypersurfaces V g = {u ∈ g c |g(u) = 0}, where g runs through all polynomial on g * with gH = 0 and g c stands for complexified Lie algebra.
Corollary 2.3. H
Conversely, take F to be the fixed point set of the G action, then H *
is a torsion-free module. Hence injectivity of i * implies that H * G (M ) is torsion-free. Definition 2.4. Every manifold whose equivariant cohomology is torsion-free will be called equivariantly formal.
Remark 2.5. The equivariant formality has been studied in depth in [7] , where M is said to be equivariantly formal, if the spectral sequence for equivariant cohomology collapses at E 2 . It was shown in [7] that this definition implies that the equivariant cohomology of M is torsion-free. We believe that the opposite is also true, that is: our definition of the equivariant formality implies the collapse of the spectral sequence, but we do not have a proof of it.
A lot of sufficient conditions for the equivariant cohomology of M to be torsion-free are given in [7] . For us, the main examples of equivariantly formal spaces will be symplectic manifolds with Hamiltonian torus actions (see [11] ).
Let us also point out that the assumption that M is equivariantly formal is crucial for most of our argument, since this property of M allows to formally invert equivariant cohomology classes (see Lemma 2.8).
For an invariant map f : M → N between two oriented manifolds, we can also define the pushforward map in compactly supported cohomology f * :
G,c stands for compactly supported cohomology). f * is always an S * (g * ) module homomorphism. The pushforward map to a point will often be denoted by integration. (For more details about equivariant pushforwards see [9] ).
Assume that Y is a compact oriented manifold with a G-action, π : E → Y is an oriented vector bundle of rank n with a linear G-action on its fibers. Let the zero section be given by the inclusion f : Y → E. We have the following fundamental property of pushforwards:
A Thom form τ is given by any closed form in Ω *
We also have the following identity:
Remark 2.6. Notice that the above equation holds even if ν is not equivariantly closed; this is an important fact which will be used later. Definition 2.7. For a nontrivial element g ∈ S * (g * ), we construct a new ring 
since then e(E) becomes invertible after localizing with respect to g. It was proved by Atiyah and Bott in [2] that the Euler class e(E) is not a zero divisor when the fixed point set of the S 1 action is exactly M . Hence the Thom exact sequence for E splits into short exact sequences
where π : SE → Y is the sphere bundle of E for some invariant metric on E. So, our goal is to prove that the map π
Choose a point x ∈ Y such that its isotropy group G x has maximal rank. The equivariant cohomology of the orbit
, where g x is the Lie algebra of G x . On the other hand, we will prove that if H = G x /S 1 and h is its Lie algebra then dimH
has a nontrivial kernel, it is enough to prove that as k grows, the dimension of
We run into a problem when dimG x = 1 and we cannot divide by dimG x − 1 = 0, but then it easy to see that H *
. The maximal rank of the isotropy group for the action of G on SE is at most dimG x − 1. Hence we can apply localization theorem 2.1 to show that H * G (SE) is supported in a union of subspaces ∪ K k c of g * , where K runs through a finite number of isotropy subgroups, each of dimension at most dimH. Combining this with the fact that H * G (SE) is finitely generated as S * (g * ) module proves that dimH
for some large constant C. Hence we have proved the lemma.
Given equation (1) and Lemma 2.8 we can, following the ideas of Guillemin and Sternberg in [9] , get the following equation for a ∈ H * G,c (E):
Indeed, let the cohomology class a be supported in some neighborhood U of M ; then it is easy to see that τ is cohomologous to π * f * τ on U . Hence for b found in the proof of the Lemma 2.8, we use equation ( 
After inverting g, (3) holds with 
Lemma 2.9. For a G-invariant Hermitian metric on E let SE denote the unit sphere bundle over Y . For a closed form
where σ is any (possibly localized) equivariant form defined outside of Y with
Proof. Denote by DE the radius 1 disc bundle of E. Let ψ be an invariant bump function on E which is 0 outside of DE and is equal to 1 in the neighborhood of Y . Apply equivariant Stokes' theorem on DE:
Notice that the second integral is over DE − Y , since σ is not defined on Y , but since ψ = 1 in a neighborhood of Y , we know d G (ψσ) = ω in this neighborhood of Y . Hence d G (ψσ) could be extended to a formω with ω =ω in some neighborhood of Y . At the same time, DE ω = 0, since degω < dimE. Therefore,
Butω is a compactly supported closed form and equation (3) implies
e(E) .
Circle action
Assume that we have a compact abelian group G together with a circle S 1 ⊂ G inside. Let M be a compact connected oriented manifold with a G action. Denote by i j : F j → M the connected components of the fixed point set of the circle action and by NF j the normal bundles of F j 's. Notice that because of the circle action, all the NF j can be given a complex structure and, in particular, all F j are orientable and of even codimension.
Theorem 3.1. For a possibly localized equivariantly closed form ω on
, where e(NF j ) are the equivariant Euler classes of the normal bundles NF j 's.
We omit the proof of this theorem, since it has been proven by many authors. Let just point out that there are two minor differences between Theorem 3.1 and the standard statement of the ABBV theorem. First of all, the form ω could be localized in our case. Secondly, we consider the fixed points of the subcircle action rather than fixed points of the G action. Even more generally, manifolds F j can be any connected components of the fixed point set of any subtori actions which contain the fixed points of the G action (even more general statement of the ABBV theorem can be found in in [4] , Theorem 7.13).
Next, assume that M is equivariantly formal and we are given an invariant oriented connected submanifold W and the inclusion map I : W → M . We assume that S 1 acts freely on W . Let X be the manifold W/S 1 . The orientation on W together with an orientation on S 1 induces an orientation on X. We always have the Cartan isomorphism c :
We will be concerned with understanding the following composition of maps κ :
1 -manifold and W is the zero level of a moment map, then κ is just the Kirwan map and, since we assume S 1 acts freely on W , zero is a regular value of the moment map, and κ is surjective.
A closed form α ∈ Ω * G/S 1 (X) lifts to an equivariant cohomology class c −1 ([α]) on W . Choose a small invariant neighborhood U of W which does not intersect the fixed point set of S 1 . Then the equivariant pushforward I * factors through the map to compactly supported cohomology of U :
Let β be an equivariantly closed form which represents
Since U does not intersect the fixed point set, the support of β does not intersect it either and by Corollary 2.3 we can choose an equivariant form µ such that d G µ = β. We will call µ a transgression form of α. Let us remark that the definition of transgression form is the only place in the paper where we use the equivariant formality of M . Hence the results of this paper would be always true as long as we can define µ.
Before proving our main theorem, let us explain why such a result should hold. For a closed form ω ∈ H * G (M ) of degree less than dimW − degα + 1, consider the following sum:
Observe that i * j (ωµ) are indeed closed forms, since the support of d G µ lies outside of the F j 's.
It is easy to see that the above sum does not depend on the choice of β and µ.
S(ωµ) − S(ωµ ) = S(ων) + S(ωγ).
But S(ων) = 0, since the support of ν does not intersect the fixed point set. Moreover, ωγ is a closed form on M and by Theorem 3.1,
But ωγ has degree less than dimension of M which implies that the above integral is equal to 0. Therefore the sum (4) 
First of all, we would like to show that without loss of generality we can assume that 
Notice that deg(ωµ) < dimM , moreover, ωµ is an honest (not localized) form, thus:
). Similarly to equation (1) we would like to prove:
This would be true if νβ = π * (I * (ν)θ)τ on U so that we could use equation (2). But we know that we can choose β = π * (θ)τ , since the sum (4) does not depend on the choice of β. Combining it with equation (5), we see that we could assume from the very beginning that νβ = π * (I * (ν)θ)τ . Hence (8) holds. Finally, we will deal with computing W I * (ν)θ. Consider a weight one action of S 1 on C and the space L W = W × S 1 C constructed by taking the quotient of W × C by the diagonal circle action. It is a complex line bundle over X together with a G action coming from the action on W . Since S 1 fixes X and does not fix any other point in L W , Lemma 2.8 implies that the equivariant Euler class e(L W ) = e(W ) is invertible in some localized ring. Using Lemma 2.9 we will prove that
A combination of the equations (6), (7), (8) , and (9) proves the theorem. Hence, it is left to carry out the computation which establishes (9) .
Given a Hermitian metric on C, we can identify the radius 1 circle bundle 
Notice that there is no minus sign in the above equation, since the orientations on W and SE are opposite. This finishes the proof of (9) and the theorem. 
Residues and other applications
In this section we define residues, formulate another localization theorem using residues, and show how to deduce a special case of the Jeffrey-Kirwan localization theorem from our results. We also provide two non-symplectic examples and, at the end of the section, we show how our theorems work in the orbifold case.
To define residues we will need a bit more information about equivariant cohomology. As in Lemma 2.8, consider a complex vector bundle π : E → Y with a linear G action on the fibers, such that the fixed point set of the subcircle Let x 1 be a vector in g, which is an integer basis of the tangent space to S 1 . Complete x 1 to a basis x a of g. Let u a be the dual basis to x a and let u = u 1 ; then we can say that S * (g
. Elements x 2 , ..., x n produce a basis in h and since the action of S 1 on Y is trivial, it is easy to see
Assume that E splits as a sum of invariant complex line bundles L 1 ⊕ ... ⊕ L k (we can do that without loss of generality by applying the equivariant splitting principle). S 1 acts on L i 's with some weights m i 's, and we can prove the following easy lemma.
Proof. Since the degree of e(L i ) is equal to 2, we can say that e(L i ) = cu + h i where c is some constant and 
We will basically repeat the definition of residues given by Guillemin and Kalkman in [8] .
Expand a e(E) in a possibly infinite formal Laurent series
where b k 's are expressed in terms of g j 's, h i 's and m i 's. 
(E) .
We are ready to state our second theorem. Notice that in this theorem we do not make any restriction on the degrees of ω and α. Also, the right choice of the sign of the residue will be specified during the proof of the theorem.
Theorem 4.3. For any equivariantly closed forms
where e(NF j ) are the equivariant Euler classes of the normal bundles NF j .
Proof. Here the proof of Theorem 3.2 could be repeated word-for-word . The only difference would be that in a couple of places in the proofs of Theorem 3.2 and Lemma 2.9 we would not be able to argue that some integrals are zeros because we are integrating nonlocalized equivariant forms of small enough degrees. But we will be able to prove the following:
where O is a remainder given by the integrals of nonlocalized forms. Since Res is linear and commutes with integration and the residue of any nonlocalized form is zero we can conclude
Hence, it is only left to show that
We know that the weight of the
Hence after we choose a sign of the residue that is compatible with u, the equation (10) will hold.
Symplectic Case.
Let us now explain how the above result implies Kalkman's circle localization theorem (see [11] ), which is a special case of the JeffreyKirwan theorem. Let M be an S 1 Hamiltonian space with a moment map φ : M → R. Assume 0 is a regular value of the moment map and W is the zero level set φ −1 (0) on which S 1 acts freely, let α = 1. We can choose U to be the preimage of a small interval (− , ) ⊂ R. Then U could be identified with (− , ) × W , since the normal bundle of W is trivial. Pick a bump function ρ on R that is 0 outside (− , ) and R ρdφ = 1. Then we can assume β = τ = ρdφ on U and extend it by 0 to the rest of M . The form µ will be merely the function
Even though µ is defined only on U , we can extend it to any x ∈ M by µ(
which is exactly the statement of the Jeffrey-Kirwan theorem given in [11] . If we apply Theorem 3.2 to this setting, we will get a formula, which was also obtained by Lerman in [14] using symplectic cuts.
Examples.
Let us now present two examples that illustrate the use of our theorems in the absence of any symplectic structure.
Example 4.6. Consider a sphere
together with the circle action given by θ (r, z 1 , . ..., z n ) = (r, θz 1 , ...., θz n ) with θ ∈ S 1 ⊂ C. Its equivariant cohomology injects into the equivariant cohomology of the north and south poles:
, where p n = (1, 0, ..., 0) and p s = (−1, 0, ..., 0) . It is easy to understand the image of the above map:
Consider a subsphere W = S 2k−1 consisting of points 
where µ n is a transgression form for the equator S 2n−1 ⊂ S 2n . Moreover, µ n could be constructed in the same way in which we produced the transgression form in the symplectic case, with r substituted for φ. The map r serves as an abstract moment map. (See [6] for definition of abstract moment maps and further references.) To apply our theorem, we have merely to understand the restriction of µ k to the fixed point set. Since µ n | ps = 0 and µ n | pn = 1 we can conclude that µ k is zero if restricted to the south pole and
where c is the Chern class of the circle bundle S 2k−1 → P k−1 . Hence, we have κ(u + v ) = (−1) c for < k. Example 4.7. In the previous example the Kirwan map was surjective which is always the case in the symplectic setting. Let us now give an example where the Kirwan map is no longer surjective. In this example the addition of the form α into the statements of our theorems becomes very important.
As before M is going to be the 2n sphere with the same circle action. But we will change the submanifold W to a product of two spheres S 2k−1 × S 2m−1 :
Then it is not difficult to compute the cohomology of X = W/S 1 . It is generated by two elements c and t of degrees 2 and 2m − 1 respectively with the following relations: c k = 0, and t 2 = 0 Moreover, c is the Chern class of the circle bundle W → X and t is the Thom class of the manifold V /S 1 , where V is the 2k − 1 sphere
To apply our theorem we take [α] = t so that β is a Thom form of V inside S 2n . Similarly to the argument in the previous example, we can conclude that µ restricts to 0 at p s , and it restricts to u n−k at p n , since in the neighborhood of p n we can assume µ is equal to a Thom form of the sphere H = { (r, z 1 , ...z k , z 1 , ..., z k , 0, 4.8. Orbifolds. Finally we will explain how the above results could be transformed to apply them to the orbifold case. Orbifolds have been studied extensively by many different authors, for example, a treatment of orbifold theory could be found in Satake [17] , Kawasaki [12] , Lerman-Tolman [15] . We will adopt the definitions and notations of Meinrenken [16] and will not go into any details of orbifold theory.
We just want to remind the reader that it is possible to define suborbifolds, smooth group actions on orbifolds and orbibundles. The definitions copy the same definitions in manifolds setting, taking into account local actions of finite groups. If a compact group G acts locally freely on an orbifold M , then M/G is again an orbifold. It is also possible to define vector fields, smooth forms, de Rham cohomology, characteristic classes and prove the analogue of the Stokes theorem for orbifolds. Moreover, it is possible to transform all these notions into the equivariant setting.
Given an orbifold M with a smooth G action, we again say that M is equivariantly formal if its equivariant cohomology ring is torsion-free.
For every x in M there exists a unique up to isomorphism stabilizer group H x which fixes x in every local chart and if M is connected we define d M to be the minimal order of all such stabilizers. Actually M could be stratified into smooth manifolds, such that points inside of every stratum have isomorphic stabilizers. If M is connected there exists a unique open dense stratum with the order of its stabilizer being d M .
This integer d M will be responsible for all the differences between orbifold and manifold cases of our theorems. In particular, taking this constant into account, the equation (1) The proof of this theorem is the same as for Theorem 3.2 with only minor changes. Similarly, we can reformulate and prove Theorem 4.3 in the orbifold setting without any difficulties.
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